Using generalized field strength tensors we constructed all possible Lorentz invariant quadratic forms for the rank-4 non-Abelian tensor gauge field and demonstrated that there exist only two linearly independent combinations of them which are gauge invariant. Together with the previous result for the rank-2 and rank-3 tensor gauge fields this construction proves the uniqueness of early proposed Lagrangian up to rank-4 tensor fields. §1. Introduction
§1. Introduction
In the recent articles 1)-3) one of the authors suggested the generalization of the Yang-Mills theory which includes non-Abelian tensor gauge fields of higher rank. It has been found that for non-Abelian tensor gauge fields of the rank s one can explicitly construct two linearly independent gauge invariant forms L s and L s which are quadratic in field strength tensors. The general Lagrangian L has been defined as a linear sum of these forms 2), 3)
where g s and g s are coupling constants and L 1 = L Y M (g 1 = 1). In order to prove a uniqueness of the Lagrangian L one should demonstrate that these invariants provide a complete set of linearly independent gauge invariant forms quadratic in field strength tensors.
The gauge invariant forms L s and L s have been constructed in Refs. 2) and 3) by an appropriate expansion over a new space-like vector variable e µ introduced in addition to the ordinary space-time variable x µ . 4) A similar vector variable, called r µ , was introduced earlier in 1950 by Yukawa in his work on the theory of non-local fields. 5) As it was demonstrated afterwards by Fierz the solution of Yukawa equations for non-local field U (x, r) is a superposition of plane waves describing infinitely many free local high spin fields. 6), * ) In this article we shall construct all possible Lorentz invariant quadratic forms for the rank-4 non-Abelian tensor gauge field using generalized field strength tensors defined in Refs. 1)-3) and shall demonstrate that there exist only two linearly independent combinations of them which are gauge invariant and coincide with L 4 and L 4 . Together with the previous construction of linearly independent gauge invariant forms for rank-2 (L 2 and L 2 ) and rank-3 (L 3 and L 3 ) tensor gauge fields, 2), 3) the above consideration extends the proof of the uniqueness of the Lagrangian L up to the rank-4 gauge fields.
It seems difficult to extend this construction of all possible Lorentz invariant forms to higher rank fields because their number grows very fast. Nevertheless the above analysis of low rank tensor gauge fields makes it plausible that the general Lagrangian L presented in Refs. 2) and 3) is unique and contains only two linearly independent gauge invariant forms L s and L s . This paper is organized as follows: in the next section we shall introduce necessary notations and definition of extended gauge transformations of tensor gauge fields and corresponding field strength tensors. 1)-3) In the subsequent, main part of the article, we shall construct all possible Lorentz invariant quadratic forms for the rank-4 tensor field and shall prove that there exist only two linearly independent combination of them which are gauge invariant and coincide with L 4 and L 4 . 1)-3) In the last section we shall demonstrate that in the Lagrangian L the total number of Lorentz invariant forms grows as s 2 . §2.
Definition of fields and gauge transformations
The Lie algebra valued non-Abelian gauge fields are defined as rank-(s + 1)
where L a are generators of the compact Lie gauge group G. These fields are totally symmetric with respect to the indices λ 1 · · · λ s . The tensor gauge fields have no a priori symmetric and/or antisymmetric structures with respect to the first index µ. 
1a) or in the general form by the formula 
where the gauge parameters ξ ν 1 ···ν n (x) on the right-hand side are given by the formulas
or in the general form by the formula
The generalized field strengths are defined as 1)
These field strength tensors are antisymmetric in their first two indices (µ, ν) and are totally symmetric with respect to the rest of the indices (λ 1 , · · · , λ s ). In the above definition of the extended gauge field strength G µν,λ 1 ···λ s (x), together with the classical Yang-Mills gauge boson A µ (x), there participate a set of higher rank gauge fields
up to the rank s + 1. One of the important features of these field strengths is that they transform homogeneously under the extended gauge transformations: 1)
) or in the general form:
The gauge invariant tensor densities (L s+1 ) ν 1 ν 2 ,λ 1 ···λ 2s which are quadratic in field strength tensors G µν,λ 1 ...λ s have been constructed in Refs. 2) and 3). These tensors are totally symmetric within the indices (ν 1 , ν 2 ) and (λ 1 , λ 2 , · · · , λ 2s ), whereas they have no symmetries between the indices ν i and λ j . Contraction of indices by metric tensors allows to construct two gauge and also Lorentz invariant forms L s+1 and L s+1 . 2), 3) In order to define a unique Lagrangian it is important to know whether these invariants provide a complete set of independent gauge invariants which are quadratic in field strength tensors. The affirmative answer to the above question will prove that a unique gauge invariant Lagrangian is 2), 3)
An alternative way of constructing a gauge invariant Lagrangian is, first, to consider all possible Lorentz invariant quadratic forms, and then by direct calculation of their variation over the gauge transformation to check if some linear combination of them can be made gauge invariant. In the next section we shall present this construction for the rank-4 tensor gauge field. Construction of all linearly independent Lorentz invariant forms for rank-2 (L 2 and L 2 ) and rank-3 (L 3 and L 3 ) tensor gauge fields can be found in Refs. 2) and 3). §3.
Lorentz invariant forms for rank-4 gauge fields
In order to describe rank-four quanta, one should introduce tensor gauge field A µλ 1 λ 2 λ 3 (x) together with tensor gauge fields whose ranks would be up to seven, such as A µ (x), A µλ 1 (x), · · · , and A µλ 1 ···λ 6 (x). 1), 2) Using these fields and the corresponding field strength tensors, we can construct the following six Lorentz invariant quadratic forms:
Next we have to calculate the variation of L 4 under the gauge transformations (2 . 5a), (2 . 5b) and then to check if it can vanish by an appropriate choice of the numerical coefficients a i . The result of variation is:
Demanding the gauge invariance of L 4 would mean that the above variation is equal to zero. As one can see the variation vanishes if we choose the coefficients a i , i = 1, ..., 6 in the following unique form:
because there is no other solutions. Thus the first gauge invariant form is:
In order to define the second invariant let us consider the following fourteen Lorentz invariant quadratic forms 
Again, demanding the gauge invariance of L 4 would mean that the above variation is equal to zero. As one can see the variation vanishes if we choose the coefficients b i , i = 1, ..., 14 in the following form: 4) thus the second gauge invariant form is:
Because the above equations for the coefficients a i and b i have a unique solution, the forms L 4 and L 4 contain no subinvariance. Thus these construction completely fixes all coefficients in front of all Lorentz invariant structures participated in L 4 and L 4 and also proves that only two invariants L 4 and L 4 are available.
It seems difficult to extend this explicit construction of all possible Lorentz invariant forms to higher rank fields because their number grows very fast. Nevertheless the above analysis of low rank tensor gauge fields makes it plausible that the general Lagrangian L presented in Refs. 2) and 3) is indeed a unique one and contains only two linearly independent gauge invariant forms L s and L s . §4.
Number of Lorentz invariant forms
In the present section we shall estimate the number of Lorentz invariant forms appearing in L s and L s . The gauge invariant tensor density constructed in Refs. 2) and 3) is:
It should be noted that these tensors are totally symmetric within the indices (ν 1 , ν 2 ) and (λ 1 , λ 2 , · · · , λ 2s ), whereas these have no symmetric structures between the indices ν i and λ j . Contraction of indices by metric tensors allows to construct two
Let us perform an explicit contraction of the indices in Eqs. (4 . 2a) and (4 . 2b). First let us consider the L s+1 . After contraction by η ν 1 ν 2 in (4 . 2a), it might be convenient to classify independent terms by the number of contractions within the first field strength tensor G µν,α 1 α 1 α 2 α 2 ···α j α j β 1 β 2 ···β k (x) (j-contractions, k-going out). Through this procedure we can determine the combinatorial numbers as the coefficients, * )
where the numerical coefficients a s, i, j are given by * * )
From this formula (4 . 3), we can also compute the total number of the independent quadratic terms in the Lagrangian L s+1 as * * * ) 
